Abstract : Thyristor (controlled reactors provide controllable inductances in utility power lines and are increasingly used for static var control and flexible AC transmission. The size of a perturbation from a nominal periodic steady state can be measured by its incremental energy. This paper shows that incremental energy of a small Perturbation increases when a thyristor switches on and decreases when a thyristar switches off. This observation aids in understanding how perturbations are daimped by thyristor switchings and highlights some ]problems with representing the small signal dynamics of thyristor controlled rea<:-tors with impedances.
Introduction
A thyristor controlled reactor is a pair of back-toback thyristors in series with a reactor (inductor) and provides the effect of a controllable inductance in utility power lines. The thyristors switch to include the reactor in the circuit in portions of the AC supply cycle to change the effective inductance at the fundamental. The thyriator controlled reactor is oftein used in parallel with a fixed capacitor to provide the effect of a variable capacitance. This variable capacitance finds application in static va.r control [la] and in the emerging technology of flexible AC transmission [1,10]. Thyristor controlled reactor circuits are a good choice for studying switching circuit dynamics since they are useful, simple in form and exhibit interesting nonlinear behaviour.
Sanders [14] uses incremental energy methods to show that circuits with incrementally passive diode models are stable. Here we use incremental energy to study how thyristor switchings increase or decrease the energy of perturbations to a nominal periiodic steady state.
Incremental energy changes at switchings.
This section describes and quantifies to leading order changes in incremental energy of a perturbation at thyristor switchings. Consider a circuit of inductors, capacitors, sources and a single thyristcir controlled reactor. The circuit sources are assumed to be smooth periodic functions of time with period T . The lack of circuit resistance allows the damping due to swiitchings to be studied by itself. It is convenient in the sequel to focus on only one of the thyristors, although both are used in typical AC cycle. The thyristor is modeled as an ideal diode with a gate. The thyristor turns on when a firing pulse is applied a,t the gate and its voltage v ( t ) is positive, conducts current i ( t ) only in the forward direction, and turns off when the current through the thyristor becomes zero. The thyristcir current i ( t ) and voltage v(t) are shown in Fig. 1 . Throughout the paper, a thyristor firing at, say, son is assumed to occur with w(s,,-) > 0 so that there is no misfire [13] and a thyristor switch off at, say, s,ff is assumed to occur with g(soff-) < 0 so that there is no switching time bifurcation and vb(t) be the kth component current and voltages associated with a trajectory which is perturbed from the nominal trajectory. Define the incremental current 6 i k =
i ; ( t ) -i k ( t ) and incremental voltage 6Vk = w&(t) -W k ( t ) .
Then, despite the circuit switchings, Tellegen's theorem applies at every instant so that inductors capacitors sources
The summation over sources vanishes because 6 V k = 0 for voltage sources and 6 i k = 0 for current sources. Define the incremental energy of the perturbation by 
and For switch on, s1 5 s2, voff(t) > 0, ion@) 2 0 and hence A E 2 0. For switch off, s1 2 s2, woff(t) < 0, io"@) 2 0 and hence A E 5 0. Thus incremental energy increases or is unchanged at a switch on and decreases or is unchanged at a switch off. The incremental energy is unchanged if the switching time of the perturbed trajectory is the same as the switching time of the nominal trajectory (SI = s2).
In the switch on of Fig. 1 , the voltage across the entire thyristor controlled reactor is continuous and "(SI-) =
&%(SI+)
and zloff(sl+
where + 0 ( 6 s ) . Since also ion(sl) = 0,
and, writing 6s = s1 -s2 and noting that ion(t) = O(6s)
The leading order term of (2.8) shows, for a switch on, an incremental energy increase by the incremental reactor energy at the second switch on and shows, for a switch off, an incremental energy decrease by the incremental reactor energy at the first switch off.
?&om (2.6), i""(s2) = (%(SI*)) 6s+O(6s2). Either
+ 0 (6s) = $(s*) + 0 (6s) + 0 (6x)(see Fig. 1 dt with dashed and undashed variables interchanged). Hence formulas depending only on the nominal trajectory are:
3. Energy in the Linearized System Thyristor circuits can be linearized about the nominal trajectory (see [11, 3, 4] ). This section shows how the changes in incremental energy at switchings may be derived from the linearized system equations.
The circuit equations are presented first. Under mild assumptions, the appendix shows how to choose 'nice' coordinates 14) for the circuit state s(t) E R". The thyristor current is given by the first of the nice coordinates so that where A is an n x n matrix and the vector '(I represents the circuit sources. When the thyristor is off, the circuit state y E R"-l is given by the last n -1 coordinates of z so that y = P x where P is the last n -1 rows of an n x n identity matrix. Define Q = Pt. When the thyristor is off, the system equations are Note that C Q = 0, PQ = I , and QP + ctc = I .
?j = PAQy + PBu f i~(~o n + )
since (3.3), (3.5), (3.2) and QP + ctc = I imply that
The incremental energy of a small perturbation Sz(t) from the nominal trajectory in the circuit corresponds to the energy EP(t) of 6x(t) in the linearized circuit. (That is, E' is the incremental energy computed assuming the linearized circuit.) In the nice coordinates, the energy in the linearized circuit when the thyristor is on is 16zI2, the square of the Euclidean norm of the state. )6yI2 is the energy in the linearized circuit when the thyristor is off.
Between switchings, the linearized circuit has no resistances, (3.6) and (3.7) describe lossless oscillations, and the energy E e ( t ) does not change. The final step follows from ( 3 1) and the result agrees with the leading order term of (2.13).
At a switch on so,, the change in energy AEe(son) = 16z(son+)12 -Ih/(son-)12 (3.12)
since (3.9), Qtct = 0, CQ = O., and QtQ = I imply that
The final step follows from differentiating (3.1) and. the result agrees with the leading order term of (2.9).
16z(Son+)I2 = I C t k ( S o n -t ) 6 s o n 1 2 + 16y(sc,n-)12.
Incremental energy in multi-TCR circuit
This section applies the incremental energy result:; to circuits with inductors, capacitors, sources as before: but with several thyristor controlled reactors. The nominal periodic steady state has period T with 2m distinct, switchings. m is the number of thyristor switch offs in one period ( m is also the number {of thyristor switch ons in one period). Choose time 0 to occur in a switching state with minimum dimension p . Let z(0) E RP denote the state at. t = 0. The system equations take account of each thyristor switching encountered du,ring the period by changing: coordinates similarly to We discuss the implications of (4.1) for the case when all the thyristor firing pulse:; are unperturbed (s2 = s1 for all switch ons). Then (i!.4) implies that AEj.. = 0 and AEYff 5 0 for all j . Moreover, (4.1) implies that 16z(T)I2 5 16z(0)12 for all C;z(0) so that the incremental energy can never increase. In particular, the nominal trajectory is stable. Moreover, the loss of a nonnegative amount of incremental energ:y at each switch off tends ton damp the perturbation.
We now investigate the energy Ee(t) in the linearized circuit (recall that Ee(t) is the incremental energy to leading order for a small perturbation). Then AE;. C = ( a l , ..., a,, 61, . .., b, ) has dimension at most 2m, which is typically less than p . If bz(0) I C , the incremental energy of the perturbation is unchanged after one period. Thus we generally expect to be able to find perturbations such that E e ( t ) increases, decreases or is unchanged in one period. We now relate incremental energy to the Poincari! map Jacobian used for stability analysis of the periodic 
5,.
Comments on dynamic models Thyristor controlled reactors are often represented by controllable impedances in steady state analyses at fundamental frequency. However, since the thyristor controlled reactor is nonlinear, its small signal dynamics are not directly related to its static behavior. For example [7] , consider a thyristor controlled reactor in series with a sinusoidal voltage source. The firing angle is constant and the steady state conduction time soff -so, is greater than 0 and less than T/2. A steady state model can represent one or more harmonics of the periodic steady state. However, the Poincar6 map Jacobian is always zero and the circuit damps all small perturbations of the state to zero.
We illustrate with two examples some problems with using an impedance model for a thyristor controlled reactor for dynamic analyses. For simplicity, we assume unperturbed thyristor firing pulses (6son = 0). 
6.
Conclusions We consider a small perturbation to a nominal steady state trajectory of a circuit with thyristor controlled reactors, inductors, capacitors and time dependent, periodic sources. Misfire [13] and switching time bifurcation [6,13,4] effects are assumed not to occur. If the thyristor firing is unperturbed, there is no change of incremental energy at each thyristor switch on and a decrease in incremental energy at each thyristor switch off. Thus the thyristor switch offs damp the perturbation and the circuit is stable. If a thyristor firing is perturbed from the nominal case, then there is also an increase in incremental energy at the thyristor turn on. This could lead to growing perturbations and circuit instability, but need not necessarily do so for two reasons. First, a subsequent switch off could offset the increase in incremental energy. Second, an overall increase in incremental energy in one period does not necessarily imply instability. Similar results may be obtained for circuits with ideal diodes [4] , except that since diodes have a negative voltage becoming zero at turn on, incremental energy decreases at turn on and its leading order term is zero.
